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We generalize the control power of a perfect controlled teleportation of an entangled three-qubit 
pure state, suggested by Li and Ghose [Phys. Rev. A 90 , 052305 (2014)], to the control power of 
a general controlled teleportation of a multiqubit pure state. Thus, we define the minimal control 
power, and calculate the values of the minimal control power for a class of general three-qubit 
Greenberger-Horne-Zeilinger (GHZ) states and the three-qubit W class whose states have zero three- 
tangles. Moreover, we show that the standard three-qubit GHZ state and the standard three-qubit 
W state have the maximal values of the minimal control power for the two classes, respectively. This 
means that the minimal control power can be interpreted as not only an operational quantity of a 
three-qubit quantum communication but also a degree of three-qubit entanglement. In addition, we 
calculate the values of the minimal control power for general n-qubit GHZ states and the n-qubit 
IT-type states. 

PACS numbers: 03.67.Mn, 03.65.Ud, 03.67.Hk, 03.67.Ac 


I. INTRODUCTION 

Quantum teleportation [l| has been considered as one 
of the most important applications of quantum entangle¬ 
ment, and hence has been studied in various ways, which 
are experimental as well as theoretical ii- 

In the standard quantum teleportation scheme, the 
sender, Alice, and the receiver, Bob, share a maximally 
entangled Bell state in advance, and then Alice performs 
a two-qubit Bell measurement on her qubit of the Bell 
state and a qubit state to be teleported. Based on the 
two-bit classical information transmitted according to 
the measurement outcome from Alice, Bob can apply an 
appropriate unitary operation on his qubit of the Bell 
state to perfectly recover the state. 

We can also consider a teleportation scheme over 
a three-qubit pure state, called controlled teleportation 
(CT) @-@1: which is a variant of the splitting and recon¬ 
struction of quantum information over the Greenberger- 
Horne-Zeilinger (GHZ) state, introduced by Hillery et 
al. [ 3 . In this scheme, a controller on one qubit of the 
state maximally assists the teleportation procedure on 
the other two qubits. 

Recently, Li and Ghose investigated a control 
power of the controller in perfect CT via two classes of 
the partially entangled three-qubit pure states, and gen¬ 
eralized it to multiqubit CT schemes m- In this paper, 
we define a minimal control power of the CT, which is 
a more general concept compared to the perfect case in 
Refs. [IS [m, and we present explicit calculations for 
the minimal control power for a class of general three- 
qubit GHZ states and the three-qubit W class whose 
states have zero three-tangles. Moreover, we show that 
the standard GHZ state and the standard W state have 
the maximal values of the minimal control power for the 
two classes, respectively. This implies that our newly 


defined quantity, the minimal control power, can be nat¬ 
urally considered as a good candidate for a degree of 
three-qubit entanglement. By using additional examples 
of general n-qubit GHZ states and the n-qubit LT-type 
states, we strengthen our claim on the degree of tripartite 
entanglement. 

In Sec. El we review the basic notations and known re¬ 
sults, and give a definition of the minimal control power. 
In Sec. IIII A[ we present how to calculate the value of 
the minimal control power for a three-qubit pure state. 
In Secs. IIII Bl and [Til Gi we explicitly calculate the mini¬ 
mal control power for the two classes of three-qubit pure 
states, and show that the minimal control powers of the 
GHZ state and the W state are maximal in the two 
classes, respectively. Furthermore, in Sec. IlYl we exhibit 
examples of general n-qubit GHZ states and the n-qubit 
LF-type states. Finally, we discuss our results in Sec. El 


II. MINIMAL CONTROL POWER IN A CT 

We first review the properties of the maximal telepor¬ 
tation fidelity [l^ and the fully entangled fraction [U, 
M- The teleportation fidelity is naturally defined as 

Fip)= I d^{^\Api\0{m\0, (1) 

where Ap is the standard teleportation protocol over a 
two-qubit state p to attain the maximal fidelity, the inte¬ 
gral is performed with respect to the uniform distribution 
d^ over all one-qubit pure states, and the fully entangled 
fraction of p is defined as 

f{p) =max(e|p|e). 


( 2 ) 
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where the maximum is over all two-qubit maximally en- III. MINIMAL CONTROL POWER IN A 

tangled states |e). It has been shown [l^, Hi that THREE-QUBIT CT 


F{P) 


2/(p) + 1 
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(3) 


We remark that F{p) > 2/3 [or f{p) > 1/2] if and only if 
p is said to be useful for teleportation, since it has been 
shown that the classical teleportation can have at most 
F = 2/3 (or/= 1/2) [I|. 

Let pi 2 ---r!, be an n-qubit state. For an (n— 2)-element 
subset J C {l,2,...,n} with J = {ji, j 2 , ■ ■ ■, Jn- 2 }, let 
F^rj. be the maximal teleportation fidelity of the result¬ 
ing two-qubit state in the subsystem kl after the mea¬ 
surement of the subsystem J; that is, 


^CT = nmx {t\UjpjUl\t) F{gli), (4) 

t=o 


Let ipi 23 = |V')('0|i23 be a three-qubit pure state. For j 
in {I, 2, 3}, let be the maximal teleportation fidelity 
of the resulting two-qubit state in the subsystem kl after 
the measurement on the system j; that is, 

= max [(0| Up,U^ |0) + (I| Up,U^ |I) , 

( 8 ) 

where the maximum is taken over all 2 x 2 unitary ma¬ 
trices, for j G {1,2,3}, and let //.rp be defined as the 
maximal average of the fully entangled fraction of the 
state in the subsystem kl after the measurement of the 
subsystem j. For each j G {1, 2, 3}, let be the control 
power of a three-qubit pure state " 0123 , defined as 

P^{i^i23):=F^^-F{pM), (9) 


where Uj = Uj^ 0 Uj^ 0 • • • 0 Uj^_ 2 , pj = pj^ 0 Pja ® ‘ ‘ ‘ ® 
Pj„_ 2 -, {fc, 1} = {1, 2,..., n} \ J, the maximum is taken 
over all 2 X 2 unitary operators Uj -^, , ■ ■ ■, Uj^_ 2 , and 

is the resulting state of the subsystem kl after the 
local measurement on the subsystem J when the mea¬ 
surement outcome is t. Similarly, for all J C {1, 2,..., n} 
with I Jj = n — 2, let be defined as the maximal av¬ 
erage of the fully entangled fraction of the state in the 
subsystem kl after the measurement on the subsystem J; 
then it can be obtained that for all J 

(5) 

as in the two-qubit case Q. 

We now note that > F{pki) and > f{pki)- 
Thus, we can define a control power as the difference 
between the (controlled) maximal teleportation fidelity 
and the teleportation fidelity without control in a CT of 
an n-qubit state as follows. For all J C {l,2,...,n}, 
let F*^ be the control power of an n-qubit state pi 2 ---n, 
defined as 


P-’ipi2-n):=FST-Fipki), ( 6 ) 

where P"^{pi 2 —n) > 0 due to the above note, and let us 
define the minimal control power P of an n-qubit state 
Pi2-n by 


F(pi 2 ...„) := mjn{F'^(pi 2 ...n)}- (7) 

Then, by using the usefulness of teleportation on a two- 
qubit state, we say that the minimal control power P 
is meaningful on an n-qubit state pi 2 ---n if and only if 
Fct >2/3 but F{pki) <2/3 for all J, fc, and I satisfying 
JU{fc,/} = {l,2,...,n}. 

In this paper, we deal with only pure states for explicit 
calculation, since it is not easy to obtain a general for¬ 
mula of the minimal control power for mixed states even 
though it can be calculated for a given mixed state. 


and let us define the minimal control power F of a three- 
qubit pure state ^123 by 

Pi'>Pi23) := niin{F^(^i23),F^(^/i23),F^('0i23)}- (10) 


A. How to calculate the minimal control power 

For a three-qubit pure state 'ipi 23 , the three-tangle 
r Em is defined as 


^jk C'ji, ( 11 ) 

where Cjk = C{pjk) = C(tr;('0i23)), C ykn = C(V’j(fci)), 
and C is the Wootters’ concurrence [ITIII^. and the par¬ 
tial tangle Tjk 0 is defined as 


L/'fc — ^ + ^jk > (12) 

for {j,k,l} = {1,2,3}. Then it was shown 0 that there 
is an interesting relation between the maximal teleporta¬ 
tion fidelity F^rp and the partial tangle tm, that is, 

FhT = (13) 


Since the Wootters’ concurrence for a two-qubit state is 
computable, each maximal teleportation fidelity F/,rp for 
a three-qubit pure state is also computable. 

For distinct j, k, and I G {1, 2,3}, let F-i be a 3 x 3 real 
matrix whose {m,n) entry is tr (pfe; (am 0 0 - 77 .) ) , w here 
tr/s are the Pauli matrices. Then it was shown that 


F{Pkl) 


3 + l|r^l|i 

6 


(14) 


where || • ||i is the trace norm; that is, ||M||i = trV M 
for any matrix M. Thus, given a three-qubit pure state, 
the teleportation hdelity without control F(pki) can be 
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calculated, and this directly implies that one can calcu¬ 
late the minimal control power for a given three-qubit 
pure state. 

From Eqs. m and da, we can know that the minimal 
control power is meaningful if and only if each partial 
tangle is strictly positive, and each HT-^ Hi is not greater 
than 1; that is, Tki > 0 but < 1 for all j, k, and 1. 


B. Example: General GHZ states 


Let IV^GHz) be a state defined by 

ll/’GHz) = a |000) -I- |111), 


(15) 


where a,b £ C such that |ap -I- |6p = 1; then the 
state IV'GHz) is here called a general GHZ state, and let 
V’GHZ = |V’Ghz)(V'Ghz|i 23 - Then it is clear that its re¬ 
duced density matrices have the same form as 


Pkl = 


/lap 0 0 0 

0 0 0 0 
0 0 0 0 
Vo 0 0 |6p' 


(16) 


and the matrices also have the same form, 


T3 = 



(17) 


Since ||T'-i||i = 1, it can be directly obtained that the 
teleportation fidelity F{pki) = 2/3 for all distinct k,l £ 
{1,2,3}. In addition, we can readily know that the three- 
tangle t('!/'ghz) = 4|ap|5p and the concurrence Cki = 0 
since pki is separable. Hence, the maximal teleportation 
fidelity of a general GHZ state becomes 


F/t — 


\/r + C^+2 2|a||5| 


3 3 

Since each control power for the state 


H^(V'ghz) = T'ct(V'ghz) - F{pki) = 


2\a\ 


(18) 


(19) 


the minimal control power is 


T‘(V’Ghz) = 


2|a| 


( 20 ) 


We note that the minimal control power P is mean¬ 
ingful for the state V’Ghz if both a and b are non-zero, as 
seen in Eq. m- Since the inequality |a||5| < 1/2 holds 
for all complex numbers a and b satisfying |ap -|- |5p = 1, 
and the equality in the relation holds if and only if 
|a| = |5| = l/-\/2, it is clearly shown that the standard 
GHZ state attains the maximal value of the minimal con¬ 
trol power among the general GHZ states. 


G. Example: IE-class states 


Let ijjw = \fpw) {fpwl be a VF-class state, whose three- 
tangle vanishes, that is, T{ipw) = 0- Then it is known 
[2lj that the state ipw can be written as 

IV’w) = Ao |100) + Ai |000) + A 2 |110) + A 3 |101) (21) 


up to local unitary, where the coefficients Ai > 0 and 

E.A? = 1; 

By straightforward calculations, we can find the ma¬ 
trices Tf as follows: 


pi 

rji‘2 


/ 2 A 2 A 3 0 

I 0 2 A 2 A 3 

V 2 A 0 A 3 0 


2 A 0 A 2 \ 

1-2{XI + Xl)) 


/ 2 A 1 A 3 0 

0 - 2 A 1 A 3 

y—2A0A3 0 1 

/ 2 A 1 A 2 0 

0 - 2 A 1 A 2 

y—2A0A2 0 1 


2 A 0 A 1 \ 

0 

2{Xl + Xj)J 
2 A 0 A 1 \ 

2{Xl + Xl)) ■ 


( 22 ) 

(23) 

(24) 


Hence, for each distinct j, k, and I in (1, 2, 3}, the trace 
norm is given by 

llT^'lli = 2AfcAi + yi“, (25) 

where 


Aj — max { {Aq -I- (tAj ± Afc -I- A;)^) (Aq -I- {Xj -I- A^ ± A/)^)} . 

(26) 

Thus we obtain that 


F{Pkl) 


2AfcA; -|- y/Aj + 3 
6 


(27) 


for all distinct j, k^ and 1. 

Since we can see that Cki = 2AfeA/, each maximal tele¬ 
portation fidelity F/rp can be obtained as follows: 


j^j _ Cki + 2 

Tcxirw) — 2 


2XkXi + 2 

3 


(28) 


Thus, since for each distinct j, k, and I in {1,2,3} the 
control power becomes 


= g (2XkXi -I-1 — 



the minimal control power for a kF-class state is 


(29) 


P{ifjw) = min 



(30) 


where the minimum is taken over all distinct j, fc, and I 
in {1,2,3}. 

From the fact that Xj(Xk — Xi)^ > 0, we can show the 
inequality yCAj < 1 — 2XkXi. This implies that 


F{Pkl) 


l|T^lli+3 ^ 2 

6 - 3’ 


(31) 
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for all distinct j, k, and 1. Hence, from Eq. (l28l) and 
the inequality (1311) . we can say that the minimal control 
power is meaningful for any VE-class state if and only if 
all Aj’s are non-zero. 

Let W be the standard W state, that is, W = ipw with 
Ao = 0 and Ai = A 2 = A 3 = l/-\/3. Then we can obtain 
the following proposition. 

Proposition 1. For any W-class state ipW; 

<1= P(W)- (32) 

Proof. Suppose that there exists a bE-class state V'vy such 
that P{ifw) > that is, 

- {2\kh + 1 - V^) > g (33) 

for all distinct j, k, I in {1,2,3}. For each j G {1,2,3}, 
let A'j be defined as 

A'j := max{(=pAj ± A^ -I- A;)^(Aj -I- A^ ± A;)^}, (34) 

where j, k, and I are all distinct in {1,2,3}, then it is 
clear that < Aj for all j G {1,2, 3}. It follows from 
the inequality in (13311 that, for all distinct j, k, and I in 
{1,2,3}, 

- (^2AfeAj-b 1 - >-. (35) 

Hence, we have 

— (2AfcA; -b 1 — I Aj ± Afc -b A/||Aj -b Afc ± A/|) > — 

(36) 

for all distinct j, k, and I in {1, 2, 3}. 

Without loss of generality, we may now assume that 
Aj = max{Ai, A 2 , A 3 }. Then the inequality (l36)l becomes 


where a, 6 G C such that |ap -b |5p = 1. Then, as seen in 
the three-qubit case in Sec. 1111 Bl it is clear that F{pki) = 
2/3 for any distinct k and / in {1, 2,..., n}, and it is also 
clear that = 2(|a||5| -b l)/3 for any (n — 2)-element 
subset J of {1,2, ...,n}. Thus we have the (minimal) 
control power for n-qubit GHZ states 

= r(4”4) = («) 

for all (n — 2)-element subsets J of {1, 2,..., n}, and it is 
totally equivalent to the case of general three-qubit GHZ 
states in Sec. nil 

B. n-qubit W-type states 

Let be an n-qubit IE-type state, 

defined by 

= ai I100---0)-ba2 I010---0) 

-ba3 10010 • • • 0) -b • • • -b |00 • • • 01), (41) 

where ai G C such that = 1- Then, for J = 

{1, 2,..., n} \ {k, 1} (k > 1), we have a reduced density 
matrix as 

Pm = 

= (afe|10) + aH01))K(10| + ar(01|) 

+ ^|a,f|00)(00|, (42) 

jeJ 

where it is known that C{p^) = 2|afc||ai| in Ref. [l^. If 
we define a = ^X)jeJ then, by using straightfor¬ 

ward calculation, 

\\TJh=Mak\\ai\ + \\a\^-\ak\^-\ain (43) 


1 2 
— (2AfcA; -b 1 — (Aj -b Afe — Ai)(Aj — Aj, -b A;)) > —, 

(37) 

which is equivalent to the inequality 

1 - A| -b Afc -b a/ > -. (38) 

Since 1 — A| > A^ -b A^, we can obtain from the inequal¬ 
ity (l38l) that Aj < 1/3, which is a contradiction due to 
the assumption that Aj is maximal. □ 


IV. MINIMAL CONTROL POWER IN AN 
n-QUBIT CT 


A. n-qubit GHZ states 


Let Ilf 


(") \ 
GHZ/ 


be an n-qubit GHZ state defined by 


l4Hz)=a|00---0) + 6|ll---l), 


Thus, we have 


PipYi) 

since \a\^ 


3 -b djcifcI |q;j I -b 


1 - Wk? - \ai\ 


|ap - lafcp - |aip| ^ 2 

“6 - 3’ 

(44) 


Also we can obtain that 


PcTii’lv) — 


2|Q;fc||a/| 


> 


(45) 


For this reason, we can say that the minimal control 
power is meaningful for n-qubit W-type states if ^ 0 
for all i. 

Now we formulate the (minimal) control power for an 
n-qubit W-type state. For any J C {1,2, ...,n}, the 
control power is given by 




1 + |l ~ 2(|Q:fep -b Ickip) 
6 


( 46 ) 



if |afc|2-b|az|2 < i, 

if + 


(39) 










5 


Thus, we have the minimal control power of those type: 

+ |l - 2(|afcp + |aip)|} . (48) 

Note that, for the n-qubit standard W class = 

|100 • • • 0) + - • - + 100 • • • 01), the minimal control power 
is given by 

P(W(")) = jr^ (49) 

I g 11 n = 3. 

By employing Proposition [T1 it can be shown that 

Pi^^w^) <1^ P(wt^), (50) 

(n) 

where is an n-qubit W-type state with aj^ = aj^ = 
aj^ = l/-\/3 and aj = 0 for all j in {l,2,...,n} \ 
{jl: j2, Js}- 

V. CONCLUSION 

We have considered the CT of a multiqubit state, and 
have presented a new concept called the minimal control 
power representing how faithfully the CT can be per¬ 
formed. In addition, we have calculated the values of the 
minimal control power for a class of general three-qubit 
GHZ states and the three-qubit W class whose states 
have zero three-tangles. Extending the three-qubit cases, 
we also introduced a minimal control power of n-qubit 
GHZ and W-type states. 


Moreover, we have shown that the standard GHZ state 
and the standard W state have the maximal values of 
the minimal control power for the two classes. We can 
also obtain a similar result for n-qubit GHZ and W-type 
states. Therefore, this implies that our new quantity, 
the minimal control power, has not only an operational 
meaning in the CT but also is an appropriate property 
as a degree of tripartite entanglement. 

For W-type states, their three-tangle values are zero, 
even though these states have three-party correlations. 
These correlations are apparently captured by the mini¬ 
mal control power discussed in our paper. In other words, 
the minimal control power could be a candidate for a 
measure of three-party correlation complementary to the 
three-tangle. 
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